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Abstrat
Prequantum dynamis has been introdued in the 70' by Kostant-Souriau-Kirillov
as an intermediate between lassial and quantum dynamis. In ommon with the
lassial dynamis, prequantum dynamis transports funtions on phase spae, but
add some phases whih are important in quantum interferene eets. In the ase
of hyperboli dynamial systems, it is believed that the study of the prequantum
dynamis will give a better understanding of the quantum interferene eets for
large time, and of their statistial properties. We onsider a linear hyperboli map
M in SL (2,Z) whih generates a haoti dynamis on the torus. This dynamis
is lifted on a prequantum ber bundle. This gives a unitary prequantum (partially
hyperboli) map. We alulate its resonanes and show that they are related with the
quantum eigenvalues. A remarkable onsequene is that quantum dynamis emerges
from long time behaviour of prequantum dynamis. We present trae formulas, and
disuss perspetives of this approah in the non linear ase.
PACS numbers: 05.45.-a ,05.45.Mt, 05.45.A
Keywords: prequantum dynamis, quantum haos, linear hyperboli map, Trans-
fer operator, resonanes, deay of orrelations, line bundle.
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1 Introdution
Quantum haos is the study of wave dynamis (quantum dynamis) and its spetral prop-
erties, in the limit of small wavelength, when in this limit, the orresponding lassial
dynamial system is haoti [19℄. This limit is also denoted by ~ → 0, and alled the
semi-lassial limit. The usual mathematial models to study quantum haos are models
of hyperboli dynamis, beause there, the lassial haoti features are important and
quite well understood (mixing, exponential deay of orrelations, entral limit Theorem
for observables, et...) [7, 21℄. On the quantum side, the semi-lassial formula like the
Gutzwiller trae formula (respet. the Van-Vlek formula) give desriptions of the quan-
tum spetrum (respet. the desription of the wave evolution) in the semi-lassial limit,
in terms of sum of omplex amplitudes along dierent lassial trajetories. One important
problem in quantum haos is that these semi-lassial formula are mathematially proved
only for nite time (versus ~→ 0), whereas some numerial experiments suggest that they
ould be valid for muh larger time, like t ≃ 1/~α, α > 0 [31℄[10℄1, and a lot of work in the
physis literature of quantum haos are based on this last hypothesis ([11℄ for example).
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In [13℄, we show the validity of semi-lassial formula for time large as t ≃ C log (1/~), for any C > 0,
for a quantized hyperboli non linear map on the torus.
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The main diulty to prove this hypothesis, is related to the fat that the number of
lassial trajetories whih enter in the semi-lassial formula inreases exponentially fast
with time, like eλt, where λ is the Lyapounov exponent, and this makes diult to have a
ontrol of the error terms.
For large time the struture desribed by the lassial orbits in phase spae is far muh
ner than the Plank ells
2
The validity of the semi-lassial formula ould be due to some
average eets in the sum of the huge number of omplex amplitudes, at the sale of the
Plank ells. One goal is to justify and understand these averaging proess.
It is known that lassial hyperboli dynamial systems have trae formula whih are
exat, even in the non linear ases, [4℄ page 97, [15℄. These trae formula give the trae
of so-alled regularized transfer operator, in terms of periodi orbits. The eigenvalues
of the regularized transfer operator are alled Ruelle-Polliott resonanes and are useful
to desribe onvergene towards equilibrium and the deay of time-orrelation funtions
in hyperboli dynamial systems. A remarkable result in this theory, and whih ould be
useful to exploit in quantum haos, is the exatness of these trae formula. As these formula
involve a sum over lassial orbits, they an be interpreted as an averaging proess over
these orbits. We hope to be able to extend this formalism of lassial dynamial systems to
the semi-lassial setting, in order to have a better ontrol on the averaging proess between
omplexes amplitudes for large time, and possibly to suggest an appropriate statistial
approah for quantum haos.
To follow this program we have to nd a lassial transfer operator whose trae formula
is the semi-lassial trae formula, and then be able to ompare (in operator norm) this
transfer operator with the quantum evolution operator, in order to prove the validity of the
semi-lassial trae formula for the quantum dynamis. This paper is a rst step towards
this objetive. We propose here suh an operator, and perform its study for a partiular
hyperboli dynamis, namely a linear hyperboli map on the torus. However the objetive
is not yet reahed beause linear hyperboli maps are very partiular and semi-lassial
trae formula are already exat. The raised problemati is therefore not fully present in
this paper, but it is the main motivation for this work, and we think that this analysis an
be extended to the non linear ase and will then reveal its interest.
The transfer operator we propose is the prequantum evolution operator. The prequan-
tum dynamis is a very natural dynamis at the border between lassial and quantum
dynamis. Similarly to the lassial dynamis, prequantum dynamis transports funtions
on phase spae (more preisely setions of a bundle), but introdues some omplex phases
whih are determined by the ations of the lassial trajetories. These phases are known
to govern interferenes phenomena whih are harateristi of wave dynamis and quantum
dynamis. However, the dierene with quantum dynamis is that there is no unertainty
priniple in prequantum dynamis, and this simplies its study in an essential way. The
unertainty priniple (whih is mathematially introdued by the hoie of a omplex po-
larization, or a omplex struture on phase spae, see Setion 3.6), introdues a ut-o in
2
Plank ells are the best resolution of phase spae made by quantum mehanis at the sale ~. The
limitation is due to the unertainty priniple.
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phase spae at the sale of the Plank onstant ~. One onsequene of the absene of this
ut-o in the prequantum setting, is that prequantum formula are exat. Another onse-
quene is that the prequantum Hilbert spae is muh larger than the quantum one, and
the hyperboliity hypothesis on the dynamis implies that the prequantum wave funtions
esape towards ner and ner sales. This esape of the prequantum wave funtion from
marosopi sales towards mirosopi sales for large time is desribed by a disrete set
of prequantum resonanes. Another way to say it, is that the prequantum resonanes
desribe the time deay of orrelations between smooth prequantum funtions. The biggest
prequantum resonane(s) (i.e. those with greatest modulus) dominate for long time and
desribe the part of the prequantum wave funtions whih remain at the marosopi sale
(i.e. at a sale larger than the Plank ells ~). We therefore expet a general relation
between these outer prequantum resonanes and the quantum eigenvalues whih desribe
the quantum wave evolution.
The role of the prequantum dynamis and the orresponding trae formula for quan-
tum dynamis has already been suggested by many authors [27℄[10℄[30℄, in partiular V.
Guillemin in [18℄ page 504.
In this paper, starting from a linear hyperboli map on the torus, we show how to dene
the hyperboli prequantum map on the torus, and establish a relation between the disrete
resonane spetrum of the prequantum map and the disrete spetrum of the quantum
map, see Theorem 1 page 6. In the onlusion, we disuss some perspetives.
Aknowledgement. The author would like to thank the Classial and Quantum reso-
nanes team Nalini Anantharaman, Viviane Baladi, Yves Colin de Verdiere, Lu Hillairet,
Frédéri Naud, Stéphane Nonnenmaher and Dominique Spehner, and also Laurent Charles,
Jens Marklof, San Vu Ngo, M. Polliott for disussions related to this work. We aknowl-
edge a support by Agene Nationale de la Reherhe under the grant ANR-05-JCJC-
0107-01. The author gratefully aknowledges Jens Marklof for a nie hospitality at Bristol
for a meeting on quantum haos during June 2006.
2 Statement of the results
In this Setion we state the main result of this paper, and disuss some onsequenes.
In the next Setions, we will give preise denitions and reall basis of the prequantum
dynamis.
2.1 Prequantum resonanes and quantum eigenvalues
Let M : T2 → T2 be a hyperboli linear map on T2 = R2/Z2, i.e. M ∈ SL (2,Z),
TrM > 2. This map is Anosov (uniformly hyperboli), with strong haoti properties,
suh as ergodiity and mixing, see [21℄ p. 154.
The prequantum line bundle L is a Hermitian omplex line bundle over T2, with on-
stant urvature Θ = i2piNω, where ω = dq ∧ dp is the sympleti two form on T2 and
N ∈ N∗ is the Chern index of the line bundle. N is related to ~ by N = 1/ (2pi~). The
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prequantum Hilbert spae is the spae H˜N def= L2 (L) of L2 setions of L. Note that
H˜N is innite dimensional. The prequantum dynamis is a lift of the map M on the bun-
dle L whih preserves the onnetion. This prequantum dynamis indues a transport of
setions, and denes a unitary operator ating in H˜N alled pre-quantum map M˜ . (In
the following setions, this operator will be denoted by M˜N).
The quantum Hilbert spae HN is the spae of anti-holomorphi setions of L (after
the introdution of a omplex struture on T2). Contrary to the prequantum ase, HN
is nite dimensional, and dimHN = N from the Riemann-Roh Theorem. The quan-
tum map Mˆ is obtained by Weyl quantization of M . It is a unitary operator ating in
HN [20℄[22℄[9℄. The quantum spetrum is the set of the eigenvalues of Mˆ denoted by
exp (iϕk), k = 1, . . . , N .
Classial resonanes: We rst review the onept of time orrelation funtions and
Ruelle Polliott resonanes for the lassial mapM . These onepts give a fruitful approah
in order to study haoti properties of the lassial dynamis, suh as mixing or entral
limit theorem for observables, et... , see [4℄. Let ϕ, φ ∈ (L2 (T2) ∩ C∞ (T2)), and dene the
Transfer operator Mclass. ating on suh funtions by (Mclassϕ) (x)
def
= ϕ (M−1x), x ∈ T2.
For t ∈ N, the lassial time orrelation funtion is dened by:
Cφ,ϕ (t)
def
= 〈φ|M tclassϕ〉
where the salar produt takes plae in L2 (T2). Using the Fourier deomposition of
φ, ϕ, it is easy to show that Cφ,ϕ (t) dereases with t faster than any exponential (see [4℄
p.226). I.e. for any κ > 0:
Cφ,ϕ (t) = 〈φ|1〉〈1|ϕ〉+ o
(
e−κt
)
(1)
where |1〉 stands for the onstant funtion 1, and 〈1|ϕ〉 = ∫
T2
ϕ (x) dx. Eq.(1) reveals the
mixing property of the lassial map M . In order to study quantitatively the deay of
Cφ,ϕ (t), we introdue its Fourier transform:
C˜φ,ϕ (ω)
def
=
∑
t∈N
eitωCφ,ϕ (t) .
The lassial resonanes of Ruelle-Polliott are eiω suh that ω is a pole of the mero-
morphi extension of C˜φ,ϕ (ω), ω ∈ C. They ontrol the deay of Cφ,ϕ (t). In our ase,
there is a simple pole eiω = 1, orresponding to the mixing property, see gure 1 (a). The
super-exponential deay implies that there are non other resonanes. For a non linear
hyperboli map we expet to observe other resonanes eiω , with |eiω| < 1, see e.g. [15℄.
Prequantum resonanes: We proeed similarly for the prequantum dynamis. Given
two smooth setions ϕ˜, φ˜ ∈ (L2 (L) ∩ L∞ (L)), we dene their prequantum time-orrelation
funtion by
Cφ˜,ϕ˜ (t)
def
= 〈φ˜|M˜ t|ϕ˜〉, t ∈ N
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We wish to study the deay of Cφ˜,ϕ˜ (t). The prequantum resonanes of Ruelle-
Polliott are dened as eiω suh that ω is a pole of the meromorphi extension of the
Fourier transform of Cφ˜,ϕ˜ (t). These resonanes govern the deay of Cφ˜,ϕ˜ (t). The main
result of this paper is the following Theorem, illustrated by gure 1.
Theorem 1. Let M˜ be the prequantum map. There exists an operator B˜, suh that
R˜ = B˜M˜B˜−1
is dened on a dense domain of L2 (L), and suh that R˜ extends uniquely to a Trae
lass operator in L2 (L). The eigenvalues of R˜, are the prequantum resonanes,
and given by
rn,k = exp (iϕk − λn) , k = 1 . . . N, n ∈ N (2)
with exp (iϕk) being the eigenvalues of the quantum map Mˆ (quantum eigenval-
ues), and λn = λ
(
n + 1
2
)
, with λ being the Lyapounov exponent (i.e., exp (±λ) are
the eigenvalues of M).
Remarks:
• It is easy to see that the prequantum resonanes are the eigenvalues of R˜. Indeed, if
ϕ˜, φ˜ ∈ H˜N = L2 (L) are setions whih belong to the domains of B˜, B˜−1 respetively,
then the time-orrelation funtion Cφ˜,ϕ˜ (t)
def
= 〈φ˜|M˜ t|ϕ˜〉, t ∈ N, an be expressed
using the Trae lass operator R˜ as
Cφ˜,ϕ˜ (t)
def
= 〈φ˜|M˜ t|ϕ˜〉 =
(
〈φ˜|B˜−1
)
R˜t
(
B˜|ϕ˜〉
)
.
Using a spetral deomposition of R˜, we dedue that the disrete spetrum of R˜ gives
the expliit exponential deay of Cφ˜,ϕ˜ (t), and more preisely that the eigenvalues of
R˜ are the prequantum resonanes as dened above.
• The way we obtain the resonanes of M˜ by onjugation with a non unitary operator
B˜ is well known in quantum mehanis and is alled the omplex saling method
[8℄. It is usually used in order to obtain the quantum resonanes of open quantum
systems. Remind that M˜ is a unitary operator. It will appear in the paper, that it
has a ontinuous spetrum on the unit irle.
6
(a) classical resonances
0 1
(b) prequantum resonances (c) quantum spectrum
Figure 1: Comparison of spetra for the linear at map M =
(
2 1
1 1
)
, with N =
1/ (2pi~) = 14.
(a) Ruelle-Polliott resonanes of the lassial map M . The isolated value 1 tradues
mixing property of the map. The absene of resonanes tradues super-exponential deay
of time orrelation funtions (See [4℄ page 225, or [15℄ for a simple desription of the
lassial resonanes as eigenvalues of a trae lass operator).
(b) Resonanes rn,k of the prequantum map M˜ , alulated in this paper. rn,k =
exp (iϕk − λ (n+ 1/2)), k = 1 . . . N , n ∈ N. There are N resonanes on eah irle of
radius e−λ/2e−λn, n ∈ N.
() Eigenvalues of the quantum map Mˆ : exp (iϕk), k = 1 . . .N .
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Sketh of the proof: The proof of Theorem 1 will be obtained in Setion 4.2.4 page
30. The main steps in the proof is to show that the prequantum Hilbert spae is unitary
equivalent to a tensor produt H˜N ≡ HN⊗L2 (R) involving the quantum Hilbert spae HN
and a L2 (R) spae (this is Eq. (52) page 25), and then that the prequantum operator writes
M˜ ≡ Mˆ⊗exp
(
−iNˆ/~
)
, where Mˆ is the quantum map ating inHN and Nˆ = OpWeyl (λqp)
ating in L2 (R) is the Weyl quantization of a hyperboli xed point dynamis. It is well
known that exp
(
−iNˆ/~
)
has a ontinuous spetrum but a disrete set of resonanes
exp (−λ (n+ 1/2)), n ∈ N. So Eq.(2) follows.
2.2 Dynamial appearane of the quantum spae
For large time t, the N external prequantum resonanes on the irle of radius exp (−λ/2)
will dominate, and with a suitable resaling, Cφ˜,ϕ˜ (t) behaves for large time like quan-
tum orrelation funtions, i.e. matrix elements of the quantum propagator. More
preisely:
Proposition 2. if φ˜, ϕ˜ ∈ H˜N are prequantum wave funtions, let us dene φ =
ΠˆB˜−1φ˜, ϕ = ΠˆB˜ϕ˜ , where Πˆ = H˜N → HN is the orthogonal projetor alled the
Toeplitz projetor (this requires for φ˜, ϕ˜ to have suitable regularity so that they belong
to the orresponding domains). Then for large time t
〈φ˜|M˜ t|ϕ˜〉 = 〈φ|Mˆ t|ϕ〉e−λt/2 (1 +O (e−λt))
This means that quantum dynamis emerges as the long time behaviour of
prequantum dynamis.
The proof is given in Setion 4.3 page 30.
Let us make a omment on Theorem 1 and Proposition 2. It is quite remarkable that
the exterior irle of prequantum resonanes is identied with the quantum eigenvalues. So
the (generalized) eigenspae assoiated with these resonanes is equivalent to the quantum
spae. This unitary isomorphism appears expliitely in the proof of the Theorem. In some
sense, and this is what Proposition 2 shows, the quantum spae appears dynamially under
the prequantum dynamis, and orresponds to long lived states. In this way the quan-
tum dynamis appears here without any quantization proedure, but by the prequantum
dynamis itself (whih is itself a natural extension of the lassial dynamis as a lift on a
line bundle).
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2.3 Trae formula
As usual with Transfer operators, Trae formula express the trae of a regularized transfer
operator in terms of periodi orbits. The prequantum unitary operator M˜ is not trae lass,
so the Trae formula expresses the trae of R˜t whih is trae lass. What is partiular with
the prequantum dynamis (ompared to lassial dynamis), is the appearane of omplex
phases, related with the lassial ations of the periodi orbits.
Proposition 3. For t ∈ N∗, the trae formula for the prequantum dynamis ex-
presses the trae of R˜t in terms of periodi points of M on T2 of period t:
Tr
(
R˜t
)
=
∑
x≡M tx [Z2]
1
|det (1−M t)|e
iAx,t/~
(3)
where Ax,t =
∮
1
2
(qdp− pdq)+Hdt is the lassial ation of the periodi orbit starting
from x = (q, p), and |det (1−M t)|−1 = (eλt/2 − e−λt/2)−2is related with its insta-
bility. More expliitely, for a periodi point haraterized by x = (q, p) ∈ R2 and
M tx = x+ n, n ∈ Z2, then Ax,t = 12n ∧ x.
The proof of Proposition 3 is given in Setion 4.4, and follows the usual proedure to
obtain trae formula for transfer operators ([4℄ page 103 or [15℄). The idea is to use the fat
that the prequantum dynamis is a lift of the lassial transport with additional phases,
and therefore use the Shwartz kernel of M˜ . Formally we write:
Tr
♭
(
M˜ t
)
=
∫
T2
dx〈x|M˜ t|x〉 =
∫
T2
dxδ
(
M tx− x) eiAx,t/~ = ∑
x=M tx
1
|det (1−M t)|e
iAx,t/~
(4)
This short alulation is made rigorous in the proof of Proposition 3 page 30, using a
suitable regularization.
Relation with the quantum trae formula:
Corollary 4. From Eq.(2), we dedue a relation between traes of operators. For t ∈ Z,
Tr
(
Mˆ t
)
=
√
|det (1−M t)|Tr
(
R˜t
)
(5)
and from Eq.(3),
Tr
(
Mˆ t
)
=
∑
x=M tx
1√|det (1−M t)|eiAx,t/~ (6)
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Proof. We have Tr
(
Mˆ t
)
=
∑N
k=1 e
iϕk
, Tr
(
R˜t
)
=
∑N
k=1
∑
n≥0 e
iϕk−λn
and
∑
n≥0 e
−λnt =∑
n≥0 e
−λ(n+ 12)t =
(
eλt/2 − e−λt/2)−1, and nally √|det (1−M t)| = (eλt/2 − e−λt/2).
Remarks:
• Formula Eq.(6) an be proved diretly, see e.g. [22℄.
• It is important to realize that the the trae formula for the quantum operator Eq.(6)
is exat in our ase, beause we onsider a linear hyperboli mapM . For a non linear
map we expet that the trae formula for the prequantum map would be still exat,
whereas there is no more exat trae formula for the quantum operator. What is
known are semilassial trae formula whih give Tr
(
Mˆ t
)
in the limit N →∞, but
for relatively short time: t = O (logN), see [13℄. We give more omments on these
trae formula in the onlusion of this paper.
3 Prequantum dynamis on R
2
In this Setion we reall the basis of prequantization on the eulidean phase spae R2.
We will need this material in the next Setion. This is well known, see [35℄, or [5℄ for an
introdution to geometri quantization on more general phase spaes, i.e. Kähler manifolds.
3.1 Hamiltonian dynamis
We rst start with a lassial Hamiltonian ow. We onsider the phase spae R
2
, and note
x = (q, p) ∈ R2. The sympleti two form is ω = dq ∧ dp. A real valued Hamiltonian
funtion H ∈ C∞ (R2) denes a Hamiltonian vetor eld XH by ω (XH , .) = dH , and
given expliitly by
XH =
(
∂H
∂p
)
∂
∂q
−
(
∂H
∂q
)
∂
∂p
(7)
The Poisson braket of f, g ∈ C∞ (R2) is {f, g} = ω (Xf , Xg) = Xg (f) = −Xf (g). The
vetor eldXH generates a Hamiltonian ow φt : R
2 → R2, t ∈ R. Expliitly, (q (t) , p (t)) =
φt (q (0) , p (0)), if
dq
dt
= ∂H
∂p
, dp
dt
= −∂H
∂q
. The ow transports funtions: the ation of φt on
f ∈ C∞ (R2) is dened by ft def= (f ◦ φ−t) ∈ C∞ (R2). The orresponding evolution equation
is
dft
dt
= {H, ft} = −XH (ft). In order to explain the introdution of the prequantum
operator below, we rewrite this last equation as
dft
dt
= − i
~
(−i~XH) ft (8)
where ~ > 0. A omplex valued funtion f ∈ C∞ (R2) an be seen as a setion of the trivial
bundle R2 × C over R2. Prequantum dynamis we will dene now, is a generalisation of
the transport of ft but for setions of a non at bundle over R
2
.
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3.2 The prequantum line bundle
We introdue ~ > 0 alled the Plank onstant and onsider a Hermitian omplex
line bundle L over R2, with a Hermitian onnetion3 D. Eah ber Lx over x ∈ R2 is
isomorphi to C. A C∞ setion s of L is a C∞ map x ∈ R2 → s (x) ∈ Lx. We write
s ∈ A0 (L). The ovariant derivative D is an operator D : A0 (L) → A1 (L) whih ats on
C∞ setions of L and gives a L-valued 1-form. See gure 2. We require that
1. Leibniz's rule: if s ∈ A0 (L) is a setion of L, and f ∈ C∞ (R2) a funtion, then
D (f.s) = df ⊗ s+ f.D (s).
2. If hx (., .) denotes the Hermitian metri in the ber Lx, the onnetion D should be
ompatible with h: d (h (s1, s2)) = h (Ds1, s2) + h (s1, Ds2). In other words, if the
setion s follows the onnetion in diretion X , i.e. DXs = 0, then h (s, s) is onstant
in this diretion, i.e. X (h(s, s)) = 0.
3. The urvature two form of the onnetion is
Θ =
i
~
ω
where ω = dq ∧ dp is the sympleti two form. This last ondition means that
the holonomy of a losed loop surrounding a surfae S ⊂ R2 is exp (i∫S ω/~) =
exp (i2pi (A/h)), where (A/h) is interpreted as the number of quanta h = 2pi~ on-
tained in the area A = ∫S ω. See gure 3.
X : tangent vetorx
L
setion s
Parallel transport
DXs
Base spae R2
Fiber Lx
Figure 2: The ovariant derivative of a setion s with respet to a tangent vetor X , is
DXs ∈ Lx and haraterizes the innitesimal departure of the setion s from the parallel
transport in the diretion of X .
3
For a general introdution to Hermitian line bundles, see [17℄ p.71-77, or [34℄ p.67,p.77
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qp
Phase spae R2
γ
A
follows parallel transport
exp(i2pi(A/h))
holonomy
Fiber Lx(0)
γ˜ : Lift of γ
x(0)
Figure 3: A losed path γ is lifted in the line bundle following the parallel transport. The
holonomy of the lifted path γ˜ is equal to the phase exp (i2pi (A/h)) where A is the area of
the losed path also alled the lassial ation of γ. (A/h) is alled the number of quanta
enlosed in γ. These phases are responsible for interferene eets in quantum dynamis
(wave dynamis).
A setion of referene: As the base spae R2 is ontratible, we an hoose a unitary
global setion r of L, i.e. suh that |r (x)| =√hx (r (x) , r (x)) = 1, for every x ∈ R2. The
setion r is alled the referene setion and gives a trivialisation of the bundle L. We
write its ovariant derivative Dr = θr, where θ is a 1-form on R2. The requirements on D
above
4
impose that θ = i
~
η with a real one form η suh that dη = ω. In order to simplify
some expressions below, the setion r is hosen suh that5
η
def
=
1
2
(qdp− pdq) , (9)
With respet to the referene setion r, any setion s ∈ A0 (L) is represented by a
omplex valued funtion ψ on R2 dened by:
s (x) = ψ (x) r (x) , ψ (x) ∈ C, x ∈ R2
and |s (x)| =√hx (s (x) , s (x)) = |ψ (x)|√hx (r (x) , r (x)) = |ψ (x)|.
4
The fat that θ is purely imaginary reets the fat that the onnetion is ompatible with the Hermi-
tian metri. Indeed, h (r, r) = 1, whih gives 0 = h (Dr, r)+h (r,Dr)⇔ 0 = Re (h (r, θr)) = Re (θh (r, r)) =
Re (θ). One requires that Θ = dθ = iω/~⇔ dη = ω.
5
The geometri meaning of η, also alled the symmetri Gauge, is that the referene setion r follows
the parallel transport along radial lines issued from the origin x = 0. Indeed η = 12 (qdp− pdq) ≡ 12x∧ dx,
so if X ∈ TxR2 ≡ R2 is suh that x ∧X = 0, then DXr = i~η (X) r = 0.
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The spae of interest for us, alled the prequantum Hilbert spae, denoted by L2 (L),
is the spae of setions of L with nite L2 norm:
L2 (L)
def
=
{
s, ‖s‖2 =
∫
R2
dx |s (x)|2 <∞
}
(10)
∼= L2 (R2) = {ψ, ∫
R2
dx |ψ (x)|2 <∞
}
, with s = ψr
where the last unitary isomorphism is obtained by the identiation s ≡ ψ given by
Eq.(10). We will use this unitary isomorphism all along the paper and work most of time
with the spae L2 (R2).
Remark:
• If ‖s‖ = 1, the funtion Huss (x) = |s (x)|2 = |ψ (x)|2 is a probability measure on
phase spae R2 (i.e.
∫
R2
Huss (x) dx = ‖s‖2 = 1), and is alledHusimi distribution
of the setion s in the physi's literature [6℄,[16℄.
3.3 The prequantum operator
The prequantum operator of Kostant-Souriau-Kirillov ats in the Hilbert spae
L2 (L), Eq. (10), and is dened by
PH
def
= −i~DXH +H (11)
where D is the ovariant derivative, XH is the Hamiltonian vetor eld Eq.(7), and H
denotes multipliation of a setion by the funtion H . If H is a real funtion and XH is
omplete, then PH is a self-adjoint operator (see [35℄, page 162).
Writing s = ψr as in Eq.(10), we use Leibniz's rule to write
DXH (s) = DXH (ψr) = dψ (XH) r +DXH (r) =
(
XH (ψ) +
i
~
η (XH)ψ
)
r (12)
and obtain that
PH (s) = (−i~XHψ + η (XH)ψ +Hψ) r = (PHψ) r
so PH is isomorphi to the dierential operator
PH = −i~XH + (η (XH) +H) (13)
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whih ats in L2 (R2). The last two terms in Eq.(11) is the multipliation operator by
the funtion η (XH) + H = −12
(
q
(
∂H
∂q
)
+ p
(
∂H
∂p
))
+ H . The role of the dierential
operator PH (respet. PH) is to generate the prequantum dynamis, i.e. the evolution of
ψ (t) ∈ L2 (R2) (respet. s (t) ∈ L2 (L)) by the prequantum Shrödinger equation
dψ (t)
dt
= − i
~
PHψ (t) ,
ds (t)
dt
= − i
~
PHs (t) (14)
Whose solution is ψ (t) = U˜tψ (0) (respet. s (t) = U˜ts (0)), with the unitary operator in
L2 (R2):
U˜t
def
= exp
(
− i
~
PHt
)
, U˜t
def
= exp
(
− i
~
PHt
)
(15)
It an be shown that the termH in Eq.(11) is neessary so that U˜t preserves the onnetion
(see [35℄ page 163).
The Geometri and Dynamial phases: In this paragraph we interpret the terms
whih enter in the expression of PH , Eq.(13). The reader an skip it and go diretly
to Setion 3.4. Aording to Eq.(8), the rst term (−i~XH) is just responsible for the
transport of the funtion ψ along the Hamiltonian ow. The seond term η (XH) omes
from the ovariant derivative in Eq.(12), and without the third term H , it would mean
that the transported setion s (t) follows parallel transport over eah trajetory x (t). The
third term H gives a departure from the parallel transport. The last two terms together
hange the value of the funtion ψ (t) at point x = (q, p) by the amount:(
dψ
dt
)
(2)
≡
(
− i
~
)
(η (XH) +H)ψ ≡
(
− i
~
)(
1
2
(
q
dp
dt
− pdq
dt
)
+H
)
ψ
we reognize the innitesimal ation of the trajetory, see [2℄. As it is purely imaginary,
it hanges the phase of the funtion ψ (t). The rst term related to the parallel transport
over the trajetory is alled the geometri phase in physis literature, whereas the seond
term whih depends expliitly on H is alled the dynamial phase[29℄.
In order to be more preise, let x (t) = φt (x (0)), t ∈ R, be a trajetory on base spae
R
2
, and p (0) ∈ Lx(0) a point in the ber over the point x (0). Let us denote p‖ (t) the lifted
path over x (t) whih starts from p (0) and follows parallel transport. Then the prequantum
dynamis is the unique lifted path over x (t) given by p (t) = e
−i
~
R t
0
H(x(s))dsp‖ (t), i.e. with
a departure from the parallel transport given by the dynamial phase. From that point
of view, prequantum dynamis is a ow in the ber bundle L, whih will be denoted
by p (t) = φ˜tp (0). The unitary operator U˜t dened in Eq.(15), an be expressed by(
U˜ts
)
(x (t)) = φ˜t (s (x (0))).
If p (0) = rx(0), then p (t) is expliitely given with respet to the referene setion
rx(t) ∈ Lx(t) by:
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p (t) = e−
i
~
R
γ
dF rx(t) (16)
where γ : x (0) → x (t) is the lassial trajetory on the phase spae R2 and dF is the
one-form on the extended phase spae (x, t) ∈ R2 × R:
dF = (η (XH) +H) dt =
1
2
(qdp− pdq) +Hdt (17)
whih is the sum of the geometrial phase plus the dynamial phase. See gure 4.
In other terms, the solution ψ (t) of Eq.(14), is given in terms of the lassial ow by:(
U˜tψ
)
(x (t)) = e−
i
~
R
γ
dFψ (x (0)) (18)
x(0)
p(0) = r(x(0))
q
p
Fiber Lx(t)
x(t): lassial trajetory
Phase spae R2
p(t) : prequantum trajetory
p‖(t): parallel transport
r(x(t)): referene setion
exp(iφdyn.): dynamial phase
exp(iφgeom.): geometrial phase
Figure 4: The prequantum dynamis is a lifted of the lassial dynamis x (t) in phase
spae, where the lifted path p (t) follows the parallel transport p‖ (t) with an additional
phase φdyn =
1
~
∫ t
0
H (x (s)) ds alled the dynamial phase. With respet to the referene
setion r (x (t)), the parallel transport is given by p‖ (x (t)) = eiφgeomr (x (t)), where φgeom =
− 1
2~
∫
(qdp− pdq) is alled the geometrial phase.
Correspondene priniple: An important interest for the prequantum operators omes
from the following proposition (see [35℄ page 157).
Proposition 5. For any f, g ∈ C∞ (R2),
[Pf , Pg] = i~P{f,g} (19)
15
In other words, f ∈ (C∞ (R2) , {, }) → Pf ∈ (L (Hp) , [., .]) is a Lie algebra homo-
morphism. In partiular, it gives the following basi ommutation relation of quantum
mehanis between position and momentum, alled the orrespondene priniple
6
:
[Pq, Pp] = i~P{q,p} = i~P1 = i~Iˆd.
Proof. For any funtion f, g ∈ C∞ (M),[Xf , Xg] = −X{f,g}. If β is a one form, and X, Y
two vetor elds then X (β (Y ))−Y (β (X)) = dβ (X, Y )+β ([X, Y ]) (see e.g. [36℄ p. 207).
With these two relations we dedue:
[Pf , Pg] = (−i~)2 [Xf , Xg]− i~ [Xf , η (Xg) + g]− i~ [η (Xf ) + f,Xg]
= ~2X{f,g} − i~Xf (η (Xg)) + i~ {f, g}+ i~Xg (η (Xf))− i~ {g, f}
= ~2X{f,g} + 2i~ {f, g} − i~ (dη (Xf , Xg) + η ([Xf , Xg]))
= ~2X{f,g} + 2i~ {f, g} − i~ω (Xf , Xg)− i~η ([Xf , Xg])
= i~
(−i~X{f,g} + 2 {f, g} − {f, g}+ η (X{f,g})) = i~P{f,g}
3.4 Canonial basis of operators in L2
(
R2
)
In this Setion we show that the Hilbert spae L2 (R2) (of prequantum setions, Eq.(10))
is an irreduible spae for a onvenient Weyl-Heisenberg algebra of operators onstruted
with the ovariant derivative. This will give a deomposition of the spae L2 (R2) very
useful for later use.
We have hosen oordinates (q, p) ∈ R2 on phase spae. Consider the ovariant deriva-
tives operators respetively in the diretions ∂/∂p and ∂/∂q. We denote them by:
Qˆ2
def
= −i~D ∂
∂p
, Pˆ2
def
= −i~D ∂
∂q
With the unitary isomorphism Eq.(10), we identify these operators with operators in
L2 (R2). Using Eq.(12), and Eq.(9), this gives Qˆ2 ≡
(
−i~ ∂
∂p
+ η
(
∂
∂p
))
=
(
−i~ ∂
∂p
+ 1
2
q
)
.
Similarly for Pˆ2. We obtain:
Qˆ2 ≡
(
−i~ ∂
∂p
)
+
1
2
q, Pˆ2 ≡
(
−i~ ∂
∂q
)
− 1
2
p. (20)
Using the well known ommutation relation
[
q,
(
−i~ ∂
∂q
)]
= i~Iˆd (similarly with p), we
dedue that
(
Qˆ2, Pˆ2, Iˆd
)
form a Weyl-Heisenberg algebra:[
Qˆ2, Pˆ2
]
= Iˆd.
6
Note that Pf=1 = Iˆd is obtained thanks to the third term in (13). f → (−Xf ) is also a Lie algebra
homomorphism (a more simple one), but Xf=1 = 0 6= Iˆd.
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In order to omplete this algebra, dene
Qˆ1
def
= Pq, Pˆ1
def
= Pp, (21)
to be the prequantum operator for funtions q and p respetively. As before, the orre-
sponding self-adjoint operators in L2 (R2) are expliitely obtained from Eq.(13):
Qˆ1 ≡ −
(
−i~ ∂
∂p
)
+
1
2
q, Pˆ1 ≡
(
−i~ ∂
∂q
)
+
1
2
p. (22)
We diretly hek (or use Eq.(19)) that
[
Qˆ1, Pˆ1
]
= i~Iˆd. But also
[
Qˆi, Pˆj
]
= i~Iˆdδij,
[
Qˆi, Qˆj
]
= 0,
[
Pˆi, Pˆj
]
= 0.
So
(
Qˆ1, Pˆ1, Qˆ2, Pˆ2, Iˆd
)
form a basis of the Weyl-Heisenberg algebra with two-degree of free-
dom in L2 (R2). In fat, we have obtained a new basis, from the original basis (q,
(
−i~ ∂
∂q
)
,
p,
(
−i~ ∂
∂p
)
, Iˆd) by a metapleti transformation [16℄. We summarize:
Proposition 6. The spae L2 (R2) is an irreduible representation spae for the Weyl-
Heisenberg algebra of operators
(
Qˆ1, Pˆ1, Qˆ2, Pˆ2, Iˆd
)
. As a onsequene we have a unitary
isomorphism:
L2
(
R
2
) ∼= L2 (R(1))⊗ L2 (R(2)) (23)
where L2
(
R(1)
)
(respet L2
(
R(2)
)
) denotes the Hilbert spae of L2 funtions of one variable
f (Q1) , Q1 ∈ R (respet. f (Q2) , Q2 ∈ R), in whih Qˆ1 ats as
(
Qˆ1f
)
(Q1) = Q1f (Q1)
and
(
Pˆ1f
)
(Q1) = −i~ dfdQ1 (Q1) (respet for f (Q2)) . In other words, the deomposi-
tion Eq.(23), means that ψ (q, p) ∈ L2 (R2) is transformed into a funtion Ψ (Q1, Q2) ∈
L2
(
R(1)
)⊗ L2 (R(2)), see Eq.(38) below, for an expliit formula.
We will see that the deomposition of the prequantum Hilbert spae Eq.(23) plays a
major role for our understanding of the prequantum dynamis.
3.5 Case of a linear Hamiltonian funtion
Consider the speial ase where H is a linear funtion on R2, with v = (vq, vp) ∈ R2:
H (q, p) = vqp− vpq (24)
then XH = vq
∂
∂q
+ vp
∂
∂p
. The Hamiltonian ow after time 1 is a translation on R2 by the
vetor v, and we denote it by Tv:
Tv (x)
def
= x+ v (25)
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From denition Eq.(21) and linearity of Eq.(11), we dedue that
PH = vqPˆ1 − vpQˆ1 (26)
The unitary operator generated by PH after time 1 will be written:
T˜v
def
= exp
(
− i
~
PH
)
= exp
(
− i
~
(
vqPˆ1 − vpQˆ1
))
(27)
It is the prequantum lift of the lassial translation Eq.(25).
Remarks
• The prequantum operator PH , depends only on the operators Qˆ1, Pˆ1 and not on
Qˆ2, Pˆ2. Therefore with respet to the deomposition Eq.(23), operators PH and T˜v
at trivially
7
in the spae L2
(
R(2)
)
, i.e., an be written as
T˜v = T˜
(1)
v ⊗ Iˆd
(2)
(28)
• The operator PH restrited to the spae L2
(
R(1)
)
is idential to the Weyl-quantized
operator OpWeyl (H (Q1, P1)) = vqPˆ1 − vpQˆ1, see [16℄.
Proposition 7. The prequantum translation operators satisfy the algebrai relation of the
Weyl-Heisenberg group: for any v, v′ ∈ R2,
T˜v T˜v′ = e
−iS/~ T˜v+v′ , (29)
with S = 1
2
v ∧ v′ = 1
2
(v1v
′
2 − v2v′1)
Proof. There are two ways to see that. The rst one (more algebrai) is to use the expliit
expression Eq.(26) of PH in terms of the operators Qˆ1, Pˆ1 and use
[
Qˆ1, Pˆ1
]
= i~Iˆd (Weyl-
Heisenberg algebra) as well as the Baker-Campbell-Hausdor relation eAeB = eA+Be
1
2
[A,B]
for any operators whih satisfy [A,B] = C.Iˆd, C ∈ C.
The seond one (more geometrial) is to onsider the initial point p = rx ∈ Lx in the
ber over x ∈ R2. We want to ompute the phase F obtained after a lift over the losed
triangular path x→ (x+ v′)→ ((x+ v′) + v)→ x in the plane R2:
T˜−1v+v′ T˜vT˜v′ (p) = e
− i
~
Fp
For a unique translation of v, starting at x, Eq.(24) and Eq.(17) give the phase
F
trans.
=
1
2
v ∧ x. (30)
So for the losed triangular path:
F =
1
2
(v′ ∧ x) + 1
2
(v ∧ (x+ v′)) + 1
2
(− (v + v′) ∧ (x+ v + v′)) = 1
2
v ∧ v′
7
We will see in Setion 3.6, that this is related to the fat that translations on R2 preserve the omplex
struture of C ≡ R2.
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3.6 The quantum Hilbert spae
The usual Hilbert spae of quantum mehanis whih orresponds to the phase spae
(q, p) ∈ R2, is the spae of funtions ψ (q) ∈ L2 (R) [26℄. The prequantum Hilbert spae
L2 (R2), Eq.(10), is obviously too large. The usual proedure to onstrut the quantum
Hilbert spae from the prequantum one in geometri quantization is to add a omplex
struture on the phase spae R2, alled a omplex polarization, whih indues a holomor-
phi struture on the line bundle L, and then onsider the subspae of anti-holomorphi
setions of L, (see [35℄, [5℄). We will show below that this indeed gives the standard
Hilbert spae of quantum wave funtions ψ (q).
We onsider the anonial omplex struture J on phase spae (q, p) ∈ R2 dened by
J
(
∂
∂q
)
= ∂
∂p
. Then x = (q, p) ∈ R2 is identied with z ∈ C by8:
z =
1√
2~
(q + ip) (31)
The quantum Hilbert spae is dened to be the spae of anti-holomorphi setions:
H def= {setion s ∈ L2 (L) /DX+s = 0, for all X+ ∈ T 1,0 (C)} (32)
where the spae of tangent vetor of type (1, 0) (holomorphi tangent vetor) at point
x ∈ R2 is spanned by X+ = ∂
∂q
− i ∂
∂p
=
√
2
~
∂
∂z
.
Charaterization of the quantum Hilbert spae H: Let us dene the usual anni-
hilation and reation operators a2, a
†
2 by:
a2
def
=
1√
2~
(
Qˆ2 + iPˆ2
)
, a†2
def
=
1√
2~
(
Qˆ2 − iPˆ2
)
The three operators
(
a2, a
†
2, Iˆd
)
, with the relation
[
a2, a
†
2
]
= Iˆd, form a Cartan basis for
the Weyl-Heisenberg algebra of operators ating in the spae L2
(
R(2)
)
, whih enters in
the deomposition Eq.(23). Note also that the introdution of this basis of operators is
natural after the hoie of the omplex struture Eq.(31). Similarly the operators
(
a1, a
†
1
)
an be onstruted with respet to the spae L2
(
R(1)
)
, but we will not need them. We
reall that there is an orthonormal basis
9
of L2
(
R(2)
)
related to the Harmoni Osillator,
with vetors denoted by |n2〉 ∈ L2
(
R(2)
)
, n2 ∈ N and dened by
|02〉 ∈ Ker (a2) (one dimensional spae)
8
The fator 1/
√
2~ is just a matter of hoie.
9
This orthonormal basis has a nie physial meaning: for a free partile in onguration spae R2, with a
onstant magneti eldB = (2pi~)
−1
ω, the Hamiltonian is Hˆ = 12
(−i~∂/∂q − 12p)2+ 12 (−i~∂/∂p+ 12q)2 =
1
2 Pˆ
2
2 +
1
2 Qˆ
2
2 = a
†
2a2 +
1
2 , whose eigenspaes are L
2
(
R(1)
)⊗ (C|n2〉) and eigenvalues n2 + 12 alled Landau
levels.
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a2|n2〉 = √n2|n2 − 1〉, a†2|n2〉 =
√
n2 + 1|n2 + 1〉, n2 ∈ N (33)(
a†2a2
)
|n2〉 = n2|n2〉
Proposition 8. With the unitary isomorphism Eq.(10), a setion s ∈ H (Eq. (32)) is
identied with a funtion ψ ∈ L2 (R2) suh that a2ψ = 0, but also with the Bargmann spae
of anti-holomorphi funtions with weight e−zz/2 [6℄[16℄:
H ∼={ψ ∈ L2 (R2) , ψ ∈ Ker (a2)} (34)
∼={ψ ∈ L2 (R2) / ψ (q, p) = e−zz/2ϕ (z) , ϕ (z) anti-holomorphi} : Bargmann spae
(35)
With Eq.(33) and the unitary isomorphism Eq.(23), we get unitary isomorphisms
10
:
H ∼= L2 (R(1))⊗ (C|02〉) ∼= L2 (R(1)) (37)
where (C|02〉) denotes the one dimensional spae Span (|02〉), and the seond isomor-
phism is related to the hoie of a vetor
11 |02〉 ∈ Ker (a2).
Proof. If s = ψr, and X+ = ∂
∂q
− i ∂
∂p
=
√
2
~
∂
∂z
, then
−i~DX+s = −i~D ∂
∂q
s− i (−i~)D ∂
∂p
s =
((
Pˆ2 − iQˆ2
)
ψ
)
r = −i
√
2~ (a2ψ) r
so DX+s = 0⇔ a2ψ = 0⇔ ψ ∈ Ker (a2). Also we an write DX+s = −i
√
2~
(
∂ψ
∂z
+ 1
2
zψ
)
r,
and DX+s = 0 ⇔ ∂ψ∂z = −12zψ ⇔ ψ = e−zz/2ϕ (z), with an anti-holomorphi funtion
ϕ (z).
Correspondene with the usual Quantum Hilbert spae L2 (R): We an make
the onnetion between the spae H and the usual spae of quantum wave funtions more
expliit. In standard quantum mehanis also alled position representation, the quan-
tum Hilbert spae assoiated to the phase spae (q, p) ∈ R2 ≡ T ∗R onsists of wave
funtions ϕ (q) ∈ L2 (R). In this Setion, we show that this spae L2 (R) oinides with
the spae L2
(
R(1)
)
used in Eq.(37). For that purpose we have to show that the map
ϕ ∈ L2 (R(1))→ ψ ∈ H ⊂ L2 (R2) oinides with the Bargmann Transform [6℄ of ϕ.
10
We an introdue an orthogonal projetor in the prequantum spae onto the quantum spae, alled
the Toeplitz projetor:
Πˆ : L2 (L)→ H.
With the identiations given by the unitary isomorphisms Eq.(23) and Eq.(37), Πˆ is the projetor in the
spae L2
(
R(1)
)⊗ L2 (R(2)) onto the linear subspae L2 (R(1))⊗ (C|02〉), and an be written
Πˆ ≡ Iˆd(1) ⊗ (|02〉〈02|) (36)
This projetor is used in geometri quantization to dened Toeplitz quantization rules, see [5℄.
11
In geometrial terms, the omplex struture J is assoiated to the one dimensional spae C|02〉. More
generally, the spae of all possible homogeneous omplex strutures on R
2
(whih is the hyperboli half
plane H) is identied with the so alled squeezed oherent states, whih are the orbit of the spae (C|02〉)
under the ation of the metapleti group Mp (2,R) (generated by quadrati funtions of Qˆ2, Pˆ2).
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Proposition 9. If ϕ ∈ L2 (R(1)), the isomorphism H ∼= L2 (R(1)) in Eq.(37) is given by
ϕ ∈ L2 (R(1))→ ψ ∈ H ⊂ L2 (R2), with
ψ (q, p) =
1
(pi~)1/4
eiqp/(2~)
∫
R
dQ1ϕ (Q1) e
−iQ1p/~e−(Q1−q)
2/(2~)
We reognize the Bargmann transform [6℄ of ϕ.
Proof. From Eq.(22),Eq.(20), we have an expliit relation between the representation of a
funtion ψ in (q, p) variables or (Q1, Q2) variables:
ψ (q, p) =
∫
dQ1dQ2〈qp|Q1Q2〉Ψ (Q1, Q2) (38)
with
〈qp|Q1Q2〉 def= δ (Q1 +Q2 − q) ei 12 (Q2−Q1)p/~
(whih omes from 〈p0|ξp〉 = eiξpp0/~, 〈q0|q〉 = δ (q0 − q) and q = Q1+Q2, ξp = 12 (Q2 −Q1)).
Now if ψ ∈ H, then from Eq.(37), Ψ (Q1, Q2) = ϕ (Q1)ϕ0 (Q2), where ϕ0 (Q2) = 〈Q2|02〉 =
(pi~)−1/4 exp (−Q22/ (2~)). This gives
ψ (q, p) =
∫
dQ1dQ2δ (Q1 +Q2 − q) ei 12 (Q2−Q1)p/~ϕ (Q1) 1
(pi~)1/4
exp
(
−Q
2
2
2~
)
=
1
(pi~)1/4
eiqp/(2~)
∫
dQ1e
−iQ1p/~ϕ (Q1) exp
(
−(q −Q1)
2
2~
)
3.7 Case of a quadrati Hamiltonian funtion
We onsider now the speial ase where the Hamiltonian H (q, p) is a quadrati funtion:
H (q, p) =
1
2
αq2 +
1
2
βp2 + γqp, α, β, γ ∈ R (39)
Let us denote by M ∈ SL (2,R) the ow on R2 generated by the quadrati Hamiltonian H
after time 1 (M is a linear sympleti map).
Proposition 10. With respet to the deomposition Eq.(23), the prequantum operator
writes
PH = P
(1)
H ⊗ Id(2) + Id(1) ⊗ P (2)H (40)
with
P
(1)
H
def
=
1
2
αQˆ21 +
1
2
βPˆ 21 + γ
(
1
2
Qˆ1Pˆ1 +
1
2
Pˆ1Qˆ1
)
= Op
(1)
Weyl (H) (41)
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whih ats in L2
(
R(1)
)
, and
P
(2)
H
def
= −1
2
αQˆ22 −
1
2
βPˆ 22 + γ
(
1
2
Qˆ2Pˆ2 +
1
2
Pˆ2Qˆ2
)
= Op
(2)
Weyl
(
H(2)
)
whih ats in L2
(
R(2)
)
. Here, Op
(i)
Weyl , i = 1, 2, means usual Weyl (symmetri) quantiza-
tion of quadrati symbols, with respetively (Q1, P1) or (Q2, P2). The funtion
H(2) (q, p)
def
= −1
2
αq2 − 1
2
βp2 + γqp (42)
an be written as H(2) = −H ◦ T where T (q, p) = (q,−p) is the time reversal operation.
Proof. The Hamiltonian vetor eld is XH = (γq + βp)
∂
∂q
− (αq + γp) ∂
∂p
. We ompute
then
η (XH) +H = 0 (43)
so PH = −i~XH = (γq + βp)
(
−i~ ∂
∂q
)
− (αq + γp)
(
−i~ ∂
∂p
)
. Note that this means that
the prequantum transport by PH is equivalent to the Hamiltonian transport Eq.(8). Using
Eq.(20) and Eq.(22), we dedue the expression of PH in terms of the operators
(
Qˆi, Pˆi
)
.
Remarks
• The separation of terms in Eq.(40), has the following diret onsequene on the
prequantum dynamis. Let
M˜(1),t
def
= exp
(
− i
~
P
(1)
H t
)
, M˜(2),t
def
= exp
(
− i
~
P
(2)
H t
)
be the unitary operators ating in L2
(
R(1)
)
and L2
(
R(2)
)
respetively, and gener-
ated by P
(1)
H and P
(2)
H respetively. Then the total unitary operator in L
2 (R2) (the
prequantum propagator) deomposes as a tensor produt:
M˜t
def
= exp
(
− i
~
PHt
)
= M˜(1),t ⊗ M˜(2),t (44)
We will see that this tensor produt is the main phenomenon whih explains that the
spetrum of prequantum resonanes is a produt of two spetra in Eq.(2).
• Note that the prequantum evolution does not preserve the quantum Hilbert spae
H ∼= L2 (R(1)) ⊗ (C|02〉), exept if |02〉 is an eigen-vetor of P (2)H , i.e. if H =
1
2
α (q2 + p2) is the Harmoni osillator. The geometrial meaning is that the lin-
ear sympleti mapM ∈ SL (2,R) does not preserves the omplex struture J exept
if M ∈ U (1) is a rotation.
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• Spetrum of the prequantum Harmoni osillator: With α = β = 1 and γ = 0
in Eq.(39), we obtain H = 1
2
(q2 + p2) . From Eq.(40), we observe that PH is the sum
of two quantum Harmoni osillators in 1::(-1) resonanes, i.e. PH =
1
2
(
Qˆ21 + Pˆ
2
1
)
−
1
2
(
Qˆ22 + Pˆ
2
2
)
. We dedue that its spetrum σ (PH) is the set of eigenvalues λn1,n2 =
~
(
n1 +
1
2
)−~ (n2 + 12) = ~ (n1 − n2), with n1, n2 ∈ N. So σ (PH) = ~Z, with innite
multipliity
12
.
Lemma 1. For any v ∈ R2, one trivially has M Tv = TMvM . This onjugation relation
persists at the prequantum level:
M˜ T˜v = T˜MvM˜ (45)
where T˜v is dened by Eq.(26), and M˜ = exp
(− i
~
PH
)
.
Proof. For any point x ∈ R2 and v ∈ R2, the linear relation M (x+ v) = M (x) +M (v)
gives MTv = TMvM . Consider the initial point p = rx ∈ Lx in the ber over x ∈ R2. We
want to ompute the phase F obtained on the lifted path over the piee-wised losed path
x = T−1v M
−1TMvM (x), dened by
T˜−1v M˜
−1T˜MvM˜ (p) = e−
i
~
Fp (46)
For a path generated by the quadrati Hamiltonian H , Eq.(17), Eq.(43) gives that the
phase is F = 0. So only the translations ontribute to the phase. From Eq.(30) and
Eq.(46), we obtain:
F =
1
2
(Mv ∧Mx)− 1
2
v ∧ (x+ v) = 0 (47)
using also the fat that M preserves area.
4 Linear at map on the torus T
2
After the neessary presentation of prequantization on phase spae R2, we an now pass to
the quotient T2 = R2/Z2. In this Setion we reall the denition of the hyperboli at map
on the torus T2 = R2/Z2 and present its prequantization in the same way its quantization
is usually obtained (see e.g. [20℄,[1℄, [14℄).
We start from a hyperboli map
M =
(
A B
C D
)
∈ SL (2,Z) (48)
on R2, i.e. with integer oeients suh that AD − BC = 1 and Tr (M) = A +D > 2. A
simple example is the at map M =
(
2 1
1 1
)
[3℄. For any x ∈ R2, n ∈ Z2, M (x+ n) =
M (x) +M (n) ≡M (x) mod1 so M indues a map on the torus T2 = R2/Z2 also denoted
by M , whih is fully haoti.
12
More generally it ould be interesting to ompute the spetrum of a prequantum operator if the
lassial Hamiltonian ow is integrable.
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4.1 Prequantum Hilbert spae of the torus
In this paragraph, we expliitly onstrut the prequantum Hilbert spae H˜N assoiated to
the torus phase spae T2, and the prequantum map M˜ ∈ End
(
H˜N
)
ating in it (respe-
tively the quantum map Mˆ ∈ End (HN ) ating in the quantum Hilbert spae HN).
4.1.1 Prequantum and Quantum Hilbert spae for the torus T2 phase spae
The integer lattie Z2 ⊂ R2 is generated by the two vetors (1, 0) and (0, 1). We onsider
the orresponding prequantum translation operators T˜1
def
= T˜(1,0) and T˜2
def
= T˜(0,1), dened
by Eq.(27), whih satisfy T˜1T˜2 = e
−i/~T˜2T˜1 as a result of Eq.(29). So for speial values of
~ given by:
N =
1
2pi~
∈ N⋆,
one has the property
[
T˜1, T˜2
]
= 0. We assume this relation from now on.
We have seen in Eq.(28) that eah operator has a trivial ation in the spae L2
(
R(2)
)
entering the deomposition Eq.(23). So we will rst onsider their ation in the spae
L2
(
R(1)
)
. Let us dene the spae of  periodi distributions
13
:
H(1),N def=
{
ψ ∈ S ′ (R(1)) suh that T˜1ψ = ψ, T˜2ψ = ψ} (49)
Charaterization of the spae H(1),N :
Lemma 2. dimH(1),N = N . An expliit orthonormal basis of H(1),N is given by distribu-
tions (ϕn)n=0...N−1 made of Dira omb:
ϕn (Q1) =
1√
N
∑
k∈Z
δ
(
Q1 −
( n
N
+ k
))
, n = 0, . . . , N − 1 (50)
Proof. First we observe that in the spae L2
(
R(1)
)
, the operator T˜1 = T˜(1,0) = exp
(
− i
~
Pˆ1
)
=
exp
(
− ∂
∂Q1
)
translates funtions by one unit:
(
T˜1ψ
)
(Q1) = ψ (Q1 − 1), and similarly the
13
We ould have given a more general presentation with a deomposition of L2
(
R(1)
)
into ommon
eigenspaes of the operators T˜1,T˜2:
L2
(
R(1)
)
=
∫ ⊕
[0,2pi]2
H(1),N,θ
d2θ
(2pi)
2 ,
H(1),N,θ def=
{
ψ(1) ∈ S ′
(
R(1)
)
suh that T˜1ψ(1) = e
iθ1ψ(1), T˜2ψ(1) = e
iθ2ψ(1)
}
with θ = (θ1, θ2) ∈ [0, 2pi]2. In this paper, we only onsider the spae H(1),N = H(1),N,θ=0 whih is
suient for our purpose, and avoids more ompliated notations. See Setion 3.2 in [14℄, where this more
general presentation is done.
24
operator T˜2 = T˜(0,1) = exp
(
− i
~
(
−Qˆ1
))
translates the ~−Fourier Transform by one unit:(
T˜2ψˆ
)
(P1) = ψˆ (P1 − 1), with ψˆ (P1) def= 1√2π~
∫
R
ψ (Q1) e
−iP1Q1/~
. So the spae H(1),N on-
sists of distributions ψ (Q1) whih are periodi with period one, and suh that the Fourier
transform is also periodi with period one. As a result ψ (Q1) =
1√
N
∑
n∈Z ψn δ (Q1 − nh)
with h = 1
N
= 2pi~, and with omponents ψn ∈ C whih satisfy the periodiity relation
ψn+N = ψn . So there are only N independent omponents, and ψ =
∑N−1
n=0 ψnϕn.
Similarly to Eq.(49), let us dene the prequantum Hilbert spae of the torus by:
H˜N def=
{
setions s ∈ Γ∞ (L) suh that T˜1s = s, T˜2s = s,
∫
[0,1]2
|s (x)|2 <∞
}
(51)
With the unitary isomorphism Eq.(23), and with Eq.(49), we an write
1415
:
H˜N ≡ H(1),N ⊗ L2
(
R(2)
)
. (52)
The denition Eq.(51) is a spae of setions of L → R2 periodi with respet to some
ation of Z2. The spae H˜N an be identied with the spae of L2 setions of a non trivial
line bundle L→ T2 over the torus, with Chern index N . With respet to the trivialization
r the spae H˜N onsists of quasi-periodi funtions:
H˜N ≡
{
ψ s.t. ψ (x+ n) = ψ (x) e−i2π
N
2
n∧xe−i2π
N
2
n1n2, ∀x ∈ R2, ∀n ∈ Z2and
∫
[0,1]2
|ψ (x)|2 dx <∞
}
(53)
Proof. With Eq.(29) we have T˜n = T˜(n1,0)+(0,n2) = e
i2πN
2
n1n2T˜(n1,0)T˜(0,n2) = e
i2πN
2
n1n2T˜ n11 T˜
n2
2 .
Then with Eq.(51), Eq.(30) and Eq.(18) s = ψr ∈ H˜N ⇔ {T˜ns = ei2πN2 n1n2s for any n ∈ Z2}
⇔ ψ (x) e−i2πN2 n∧x = ei2πN2 n1n2ψ (x+ n).
In the same manner, let us dene the quantum Hilbert spae of the torus by:
HN def=
{
s ∈ H˜N suh that s is anti-holomorphi
}
(54)
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Note that this isomorphism gives an expliit orthonormal basis of the prequantum Hilbert spae H˜N of
L2 setions of the Hermitian line bundle L over T2, whih is not obvious a priori. Namely φn,m = ϕn⊗ψm
where ϕn, n = 1 → N , Eq.(50), is an o.n. basis of H(1),N and ψm,m ∈ N is an orthonormal basis of
L2
(
R(2)
)
(for example the eigenstates of the Harmoni osillator given in Eq.(33)). This basis has in fat
a well known physial meaning: eah spae H(1),N ⊗ (Cψm) is the eigenspae for the Hamiltonian of a free
partile moving on the torus T2 with a onstant magneti eld B = Nω. The orresponding eigenvalues
are alled the Landau levels.
15
The tensor produt deomposition Eq.(52) whih is an important step in order to obtain Theorem
1 an be onsidered as a simple (and surely well known) result of pure representation theory of the
Heisenberg group. More preisely, let HR be the Heisenberg group and HZ be the integral Heisenberg
group. Then Eq.(52) onerns the deomposition of L2 (HR \HZ) under the ation of HR (whose Lie
algebra is represented in this paper by the operators Qˆ2, Pˆ2, Id).
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From Eq.(37) we have:
HN ≡ H(1),N ⊗ (C|02〉) ≡ H(1),N
Note that there is a perfet deoupling between the anti-holomorphi ondition whih
onerns the L2
(
R(2)
)
part of the deomposition Eq.(23), and the torus periodiity whih
onerns the L2
(
R(1)
)
part.
4.1.2 The prequantum at map and the quantum at map
In order to obtain the prequantum map or quantum map orresponding to M : T2 → T2
given in Eq.(48), we have rst to desribe M as a Hamiltonian ow16. The hyperboli
linear map M : R2 → R2, M ∈ SL (2,Z), an be realized as a time 1 ow on R2 phase
spae generated by a hyperboli quadrati Hamiltonian funtion:
H (q, p) =
1
2
αq2 +
1
2
βp2 + γqp, (55)
From Hamiltonian equations dq(t)/dt = ∂pH = γq + βp, dp(t)/dt = −∂qH = −αq − γp,
we dedue that the onstants α, β, γ ∈ R are obtained by solving M =
(
A B
C D
)
=
exp
(
γ β
−α −γ
)
. The Lyapounov exponent is given by λ =
√
γ2 − αβ = log
(
T+
√
T 2−4
2
)
,
with T = Tr (M) = A+D, and gives the two eigenvalues e±λ of M .
In Setion 3.7, Eq.(44), we have onsidered suh quadrati Hamiltonian funtions and
obtained that the prequantum map M˜ = exp
(− i
~
PH
)
whih is a unitary operator ating
in L2 (R2) ≡ L2 (R(1))⊗ L2 (R(2)), deomposes as M˜ = M˜(1) ⊗ M˜(2).
Lemma 3. If N is even, the prequantum map M˜ in L2 (R2) denes in a natural
way unitary endomorphisms assoiated with the torus phase spae:
M˜(1),N : H(1),N →H(1),N : the quantum atmap
M˜N ≡ M˜(1),N ⊗ M˜(2) : H˜N → H˜N : the prequantum atmap
16
The reason is essentially that a map itself has not all the information neessary to dene the pre-
quantum or quantum map in a unique way. In partiular the lassial ation of the trajetories are not
dened a priori. If the map is obtained from a Poinaré setion or a strobosopi setion of a Hamiltonian
ow, then there is less arbitrariness to (pre)quantized it.
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Proof. Remind that the passage from the prequantum spae L2 (R2) ≡ L2 (R(1))⊗L2 (R(2))
to the torus prequantum spae onerns only the L2
(
R(1)
)
part. Let us dene a projetor
from the spae L2
(
R(1)
)
onto the spae H˜(1),N by:
P˜(1) def=
∑
(n1,n2)∈Z2
T˜ n11 T˜
n2
2 =
∑
(n1,n2)∈Z2
T˜n, (56)
(we have used T˜n = T˜
n1
1 T˜
n2
2 , from Eq.(29), and the hypothesis that N is even). The domain
of P˜(1) onsists of fast dereasing setions. We extend P˜(1) on the whole prequantum spae
L2 (R2) ≡ L2 (R(1))⊗ L2 (R(2)) by P˜ = P˜(1) ⊗ Iˆd(2). Using Eq.(56) and Eq.(45), we have
M˜ P˜ =
∑
n∈Z2
M˜T˜n =
∑
n∈Z2
T˜MnM˜ =
∑
n∈Z2
T˜nM˜ = P˜M˜
using that M is one to one on Z2. In partiular M˜(1)P˜(1) = P˜(1)M˜(1). This gives a
ommutative diagram:
L2
(
R(1)
)
M˜(1)−−−−→ L
2
(
R(1)
)
↓ P˜(1) ↓ P˜(1)
H(1),N M˜(1)−−−−→ H(1),N
whih means that M˜(1) indues a map denoted M˜(1),N : H(1),N → H(1),N (the quantum
map), and similarly that M˜ indues a map denoted by M˜N : H˜N → H˜N (the prequantum
map). The fat that M˜(1),N is the usual quantum map is beause its generator is obtained
by Weyl quantization in Eq.(41).
4.2 Prequantum resonanes
4.2.1 Spetrum of the quantum map
The spetrum of the quantum at map, i.e. the unitary operator M˜N,(1) in the N dimen-
sional spae H(1),N is well studied in the literature [22℄[23℄[24℄[25℄. Let
M˜N,(1)|ψ(1),k〉 = eiϕk |ψ(1),k〉, k = 1→ N (57)
be the eigenvetors and eigenvalues of M˜N,(1). (See gure 1 page 7).
The prequantum map is the unitary map M˜N = M˜N,(1) ⊗ M˜(2) ating in the innite
dimensional spae H(1),N ⊗ L2
(
R(2)
)
. The unitary operator M˜(2) = exp
(
− i
~
P
(2)
H
)
is gen-
erated by P
(2)
H = OpWeyl
(
H(2)
)
, with the hyperboli quadrati Hamiltonian H(2) given by
Eq.(42). P
(2)
H has a ontinuous spetrum with multipliity two, therefore M˜(2) has a on-
tinuous spetrum on the unit irle. The spetrum of M˜N is then obtained by a produt
from the spetra of M˜N,(1) and M˜(2). The aim of this Setion is to show that M˜(2) and
therefore M˜N , have nevertheless a well dened disrete spetrum of resonanes.
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4.2.2 Normal form of the operator M˜(2)
We onsider the operator M˜(2) = exp
(
− i
~
P
(2)
H
)
with P
(2)
H = OpWeyl
(
H(2)
)
= −1
2
αQˆ22 −
1
2
βPˆ 22 +
γ
2
(
Qˆ2Pˆ2 + Pˆ2Qˆ2
)
ating in the spae L2
(
R(2)
)
. The lassial symbol H(2) (q, p) =
−1
2
αq2 − 1
2
βp2 + γqp is a hyperboli quadrati funtion on R2. Therefore, there exists a
linear sympleti transformation D ∈ SL (2,R) whih transforms H(2) into the hyperboli
normal form:
N = H(2) ◦D, N (q, p) = λqp
with the Lyapounov exponent λ =
√
γ2 − αβ (this last quantity is the unique sympleti
invariant of the funtion H(2)).
At the operator level, there is a similar result: there is exists a metapleti opera-
tor (unitary operator in L2
(
R(2)
)
), given by Dˆ = exp (−iOpWeyl (d) /~) (with d (q, p) a
quadrati form whih generates D) suh that :
Nˆ = DˆP
(2)
H Dˆ
−1 = OpWeyl (N) =
λ
2
(
Qˆ2Pˆ2 + Pˆ2Qˆ2
)
(58)
As a result, M˜(2) = exp
(
− i
~
P
(2)
H
)
= Dˆ−1 exp
(
− i
~
Nˆ
)
Dˆ is onjugated to the normal
form, so we an onsider the operator exp
(
− i
~
Nˆ
)
or Nˆ itself, whih are simpler to handle.
4.2.3 Quantum resonanes of the quantum hyperboli xed point
Quantum resonanes of Nˆ = OpWeyl (λqp) are well known. Note that with a anonial
transform, N (q, p) = λqp is transformed to the inverted potential barrier: H (x, ξ) =
1
2
ξ2 − 1
2
λ2x2 . We reall here how to dene and obtain these resonanes by the omplex
saling method [8℄. Consider rst the lassial ow on (R2, dq ∧ dp) generated by the
hyperboli Hamiltonian funtion N (q, p) = λqp. The point (0, 0) is a hyperboli xed
point, with an unstable diretion {p = 0}, and a stable diretion {q = 0}. Let us introdue
the quadrati esape funtion:
fα (q, p) =
α
2
(
p2 − q2) , α > 0
and dene
fˆα
def
= OpWeyl (fα) , Aˆα
def
= exp
(
fˆα
)
For |α| < pi/2, the domainsDA def= dom
(
Aˆα
)
and CA
def
= dom
(
Aˆ−1α
)
are dense in L2
(
R(2)
)
.
One an expliitly hek that they ontain Gaussian wave funtions. The hoie of the
esape funtion fα is related to the property that it dereases along the ow of N : let
XN = λ
(
q ∂
∂q
− p ∂
∂p
)
be the Hamiltonian vetor eld assoiated to N , then XN (fα) =
−αλ (q2 + p2) < 0 if q, p 6= 0.
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Lemma 4. For |α| < pi/2, let Kˆα def= i~AˆαNˆAˆ−1α . Then Kˆα is dened on a dense domain
in L2
(
R(2)
)
, and
Kˆα =
1
~
λ sin (2α)OpWeyl
(
1
2
(
q2 + p2
))
+
i
~
λ cos (2α)OpWeyl (qp)
In partiular for α = π
4
,
Kˆπ/4 = λ
1
2~
(
qˆ2 + pˆ2
)
(59)
is the quantum Harmoni osillator with disrete spetrum λn = λ
(
n + 1
2
)
, n ∈ N.
We keep now the simple hoie α = pi/4, and write Kˆ
def
= Kˆπ/4, Aˆ
def
= Aˆπ/4.
Proof. The proof requires some standard alulation with the omplexied metapleti
group, whose Lie algebra sp (2,R)C = sl (2,C) is generated by the three operatorsOpWeyl (qp),
OpWeyl
(
1
2
(p2 − q2)), OpWeyl (12 (p2 + q2)), see [16℄ hapter 4, or [33℄ p. 896.
Corollary 11. Let Bˆ
def
= AˆDˆ. By a non (unitary) onjugation, M˜(2) = exp
(
− i
~
P
(2)
H
)
is
transformed on a dense domain, into a Trae lass operator:
Rˆ
def
= BˆM˜(2)Bˆ
−1 = exp
(
−Kˆ
)
(60)
with eigenvalues
exp (−λn) , λn def= λ
(
n +
1
2
)
, n ∈ N
Remarks:
• We would have obtain the same result with any hoie of 0 < α < pi/2.
• Beause Rˆ is dened on a dense domain, and is a bounded operator, it extends
in a unique way to L2
(
R(2)
)
. The eigenvalues exp (−λn) are alled the quantum
resonanes of the unitary operator M˜(2). The meaning of the operator Rˆ and its
eigenvalues, appears in the study of the deay of time-orrelation funtions. If ϕ ∈
DC = dom
(
Bˆ
)
, and φ ∈ CC = dom
(
Bˆ−1
)
are suitable funtions, then Cφ,ϕ (t)
def
=
〈φ|M˜ t(2)|ϕ〉, t ∈ N, an be expressed using Rˆ as
Cφ,ϕ (t) =
(
〈φ|Bˆ−1
)
Rˆt
(
Bˆ|ϕ〉
)
Then, the spetrum of Rˆ gives the expliit exponential deay of the time-orrelation
funtion Cφ,ϕ (t). The deay omes from the simple fat that there is an unstable
xed point at the origin, and therefore the wave funtion ϕt = M˜
t
(2)ϕ spreads along
the unstable diretion. This is very general in physis and mathematis [37℄.
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4.2.4 Resonanes of the prequantum operator
The onjugation operator Bˆ = AˆDˆ has been dened on L2
(
R(2)
)
and an be extend to the
prequantum spae H˜N ≡ H(1),N ⊗ L2
(
R(2)
)
by B˜
def
= Iˆd(1) ⊗ Bˆ. We use it to onjugate the
prequantum map M˜N = M˜(1),N ⊗ M˜(2) and dedue from Eq.(57) and Eq.(60):
Theorem 12. The onjugated operator
R˜
def
= B˜M˜NB˜
−1 = M˜N,(1) ⊗ Rˆ (61)
is a Trae lass operator in the prequantum spae H˜N ≡ H(1),N⊗L2
(
R(2)
)
, with eigenvalues:
rn,k
def
= exp (iϕk − λn) , λn def= λ
(
n+
1
2
)
, n ∈ N, ϕk ∈ [0, 2pi] , k ∈ [1, N ]
The eigenvalues rn,k are alled the resonanes of the prequantum map. This gives
Theorem 1 page 6, the main result of this paper.
4.3 Relation between prequantum time-orrelation funtions and
quantum evolution of wave funtions
Let ϕ, φ ∈ H˜N be prequantum wave funtions, who belong respetively to the domains of
B˜ and B˜−1. Let us dene φ˜ = ΠˆB˜−1φ, ϕ˜ = ΠˆB˜ϕ , where Πˆ = Iˆ1 ⊗ |02〉〈02| : H˜N →
H(1),N is the orthogonal Toeplitz projetor. Then 〈φ|M˜ tN |ϕ〉 = 〈φ|M˜ t(1),N ⊗ M˜ t(2)|ϕ〉,
but M˜ t(2) = B˜
−1R˜tB˜ and R˜t =
∑
n2∈N |n2〉〈n2| exp
(−λ (n2 + 12) t). We dedue that
〈φ|M˜ tN |ϕ〉 = 〈φ|M˜ t(1),N ⊗
(
B˜−1|02〉〈02|B˜
)
|ϕ〉e−λt/2 (1 +O (e−λt)), hene
〈φ|M˜ tN |ϕ〉 = 〈φ˜|M˜ t(1),N |ϕ˜〉e−λt/2
(
1 +O (e−λt))
This gives Proposition 2 page 8. Let us remark that |02〉 does not belong to the domains
of B˜ or B˜−1, but B˜|02〉 an be interpreted as a distribution, so 〈02|B˜|ϕ〉 makes sense even
if ϕ does not belong to the domain of B˜.
4.4 Proof of the trae formula
We prove here Proposition 3 page 9. We just follow the alulation of Eq.(4), but with a
suitable regularization, and show that it gives Tr
(
R˜t
)
. We follows a similar alulation
whih has been made in [15℄. This proof does not used ruially the hypothesis that M is
a linear map, so it ould work for non linear prequantum hyperboli map as well.
Let us introdue a uto operator in spae L2
(
R(2)
)
dened in Eq. (23):
Pν
def
= exp
(
−ν 1
2
(
Pˆ 22 + Qˆ
2
2
))
, ν > 0
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This operator is diagonal in the basis |n2〉 of the Harmoni osillator, and trunates high
values of n2. We hoose here a metapleti operator for future onveniene. The operator
Pν is Trae Class, and onverges strongly towards identity for ν → 0. Consequently,
〈Q′2|Pν |Q2〉 → δ (Q′2 −Q2) for ν → 0 and uniformly with respet to Q2 ∈ K ⊂ R(2) in a
ompat set. We extend this operator in H˜N = H(1),N ⊗L2
(
R(2)
)
by Id(1)⊗Pν and denote
it again Pν . Using Eq.(38) it is possible to show that 〈x′|Pν |x〉 −→
ν→0
δ (x− x′) uniformly
with respet to x ∈ K ⊂ R2 in a ompat set.
Lemma 5. For any t > 0, ν > 0,
(
M˜ tNPν
)
is a Trae Class operator in H˜N and
Tr
(
M˜ tNPν
)
−→
ν→0
∑
x≡M tx [1]
1
|det (1−M t)|e
iAx,t/~
where the sum is over points x ∈ [0, 1[2 suh that M tx = x+ n, with n ∈ Z2, i.e. periodi
points on T2. Ax,t =
1
2
n ∧ x is the lassial ation of the periodi point x.
Proof. First M˜ tNPν is Trae lass beause it is a produt of a unitary and Trae lass
operator. Using Eq.(18) for the prequantum evolution and Dira notations, we write(
M˜ tψ
)
(x) = 〈x|M˜ t|ψ〉 = ψ (M−tx) e−iFM−tx,t/~ = ψ (M−tx)
beause sine M is linear, we have shown in Eq.(43) that the phase is Fx,t = 0. Then with
|ψx,ν〉 def= Pν |x〉, the operator P˜ dened in Eq.(56), and using T˜n|x〉 = e−i 12~ n∧x|x+ n〉,
Tr
(
M˜ tNPν
)
=
∫
]0,1[2
〈x|P˜M˜ tPν |x〉dx =
∫
]0,1[2
〈x|P˜M˜ t|ψx,ν〉dx
=
∑
n∈Z2
∫
]0,1[2
ei
1
2~
n∧x〈x+ n|M˜ t|ψx,ν〉dx
=
∑
n∈Z2
∫
]0,1[2
ei
1
2~
n∧xψx,ν
(
M−t (x+ n)
)
dx
We have seen that ψx,ν (x
′) = 〈x′|Pν |x〉 −→
ν→0
δ (x− x′) uniformly with respet to x in a
ompat set, so
Tr
(
M˜ tNPν
)
−→
ν→0
∑
n∈Z2
∫
]0,1[2
δ
(
x−M−t (x+ n)) ei 12~ n∧xdx
=
∑
x≡M tx [1]
1
|det (1−M t)|e
i 1
2~
n∧x
We have used a hange of variable x→ y = x−M−tx−M−tn, and where a periodi point
x ∈]0, 1[2 is speied by M tx = x+ n, n ∈ Z2.
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Lemma 6. Tr
(
M˜ tPν
)
−→
ν→0
Tr
(
R˜t
)
.
Proof. We have M˜ tPν = B˜
−1R˜tB˜Pν , then Tr
(
M˜ tPν
)
= Tr
(
R˜tB˜PνB˜
−1
)
. This involves
a produt of metapleti operators, and using a representation of SL (2,C), we expliitly
hek that R˜tB˜PνB˜
−1
onverges towards R˜t as ν → 0. (Notie that for non linear maps,
this arguments would have failed, and the proof would have been longer).
With Lemma 5 and Lemma 6 taken together, we onlude the proof of Proposition 3.
5 Conlusion
In this paper we have dened the prequantum map assoiated to a linear hyperboli map
on the torus T2, and shown that it has well dened resonanes. These resonanes form
a disrete spetrum and an be expliitely expressed with the eigenvalues of the unitary
quantum map. In Setion 2, we have disussed the interpretation of this spetrum of
resonanes in terms of deay of time orrelation funtions, and ompared them with the
matrix elements of the quantum map after time t. We have also ompared the trae formula
for the quantum propagator and for the prequantum one (the sum over its resonanes) after
a large time.
We would like rst to make a general remark on prequantum dynamis. Prequantization
is well known sine many years, and it is known to be a very beautiful theory from a
geometrial point of view. Many works have study the geometrial aspets, and show how
to dene prequantization in very general ases, for example Hodge manifolds. From a
mathematial perspetive in dynamial systems, prequantization is diretly dened from
the Hamiltonian ow, so that it is natural to investigate its properties, for example, its
spetrum. Nevertheless, it seems that very few work have already investigate its dynamial
properties and its spetrum. This paper goes in this diretion, and we would like to
emphasize that prequantum spetrum is not only interesting by itself, but may rather be
a useful approah for semi-lassial analysis, espeially for quantum hyperboli dynamis,
i.e. quantum haos.
It is natural to ask if suh results have been investigated for the geodesi ow on negative
urvature manifold. In fat, in the ase of otangent phase spaes, the prequantum bundle
is trivial, and the prequantum operator an be expressed as a lassial transfer operator
with a suitable weighted funtion. Suh an operator is well studied and it is known that
the spetrum of lassial resonanes for the geodesi ow on onstant negative urvature is
related to the spetrum of the Laplaian whih plays the role of the quantum operator (the
relation an be obtained using the Selberg zeta funtion [32℄, or by group theory approah
in [28℄).
Some interesting questions arrive naturally in the framework of prequantum haos, sim-
ilar to questions whih exist in quantum haos, namely onerning the semi-lassial limit
N = 1/ (2pi~) → ∞, where the urvature of the prequantum bundle goes to innity. If
properly dened, one ould investigate the problem of prequantum ergodiity or unique
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prequantum ergodiity. For example, in [14℄, the existene of sarred quantum eigenfun-
tions has been obtained, i.e. non equidistributed eigen-funtions over the torus in the limit
N →∞. Beause of the expliit relation between quantum eigenfuntions and prequantum
resonanes we have obtained, this ould lead to prequantum sarred distributions (but
this needs some orret denition). Let us remark that the Ehrenfest time tE
def
= 1
λ
logN
is known to play an important role as a harateristi time sale in quantum haos [12℄.
Its usual interpretation is the time after whih a detail of the size of ~, i.e. the minimum
size in phase spae allowed by the quantum unertainty priniple, alled the Plank ell,
is exponentially amplied towards nite size: ~eλtE ≃ 1. In prequantum dynamis, there
is no more unertainty priniple beause the dynamis evolves smooth setions over phase
spae. But the prequantum bundle has a urvature Θ = i
~
ω, and there is still the notion of
Plank ell on the torus as the elementary surfae over whih the urvature integral is one.
Therefore the Ehrenfest time may still play an important role for prequantum dynamis,
at least in the semi-lassial limit N →∞.
Perspetives in the non linear ase: For a linear mapM , we have shown that there is
an exat orrespondene between the spetrum of prequantum resonanes and the quantum
spetrum. In a future work we plan to study non linear prequantum hyperboli map on
the torus, and expet to obtain similar results
17
(with possibly introduing some weight
funtion ϕ = λ/2 in the transfer operator, where λ is the loal expanding rate). We
expet then that there still exists an exat prequantum trae formula for Tr
(
R˜tϕ
)
in terms
of periodi orbits, similar to Eq.(3). We hope to be able to ompare the prequantum
operator R˜ϕ with the quantum operator Mˆ , and possibly their spetra as we did in Eq.(2),
at least in the limit N → ∞, and then dedue validity of the semi-lassial Gutzwiller
trae formula and other semi-lassial formula for long times. Some interesting questions
would appear then, as: does the random matrix theory applies for the outlying prequantum
spetra?
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